ABSTRACT: Dissipative particle dynamics (DPD) and smoothed dissipative particle dynamics (sDPD) have become most popular numerical techniques for simulating mesoscopic flow phenomena in fluid systems. Several DPD/sDPD simulations in the literature indicate that the model fluids should be designed with their dynamic response, measured by the Schmidt number, in a relevant range in order to reach a good agreement with the experimental results. In this paper, we propose a new dissipative weighting function (or a new kernel) for the DPD (or the sDPD) formulation, which allows both the viscosity and the Schmidt number to be independently specified as input parameters. We also show that some existing dissipative functions/kernels are special cases of the proposed one, and the imposed viscosity of the present DPD/sDPD system has a lower and upper limit. Numerical verification of the proposed function/kernel is conducted in viscometric flows.
Introduction
Dissipative particle dynamics (DPD) was introduced in 1992 by Hoogerbrugge and Koelman [1] as a coarse graining of molecular dynamics, intended for modelling complex fluids on a mesoscopic length scale. In DPD, the fluid, and everything in it, is represented by a set of particles (called DPD particles) that are free to move in space, each is supposed to represent a group of (molecular) particles. The motions of these DPD particles are governed by Newton's second law, where the forces acting on each particle consist of a conservative, a dissipative and a random forces. These forces drop off to zero outside a cut-off radius (which may be different for different types of forces). The conservative force is employed to provide a means to control the compressibility of the model fluid independently of the number density n, the cut-off radius r c and the equilibrium temperature k B T (mean specific kinetic energy) [2] .
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The dissipative force models viscous actions or hydrodynamic behaviour, which slows down the particles and thus to extract the system energy. The random force injects the kinetic energy to the DPD system to compensate for the lost energy due to dissipation. Later on, the DPD system is enforced to satisfy a thermal equilibrium according to a fluctuationdissipation theorem (sometimes called detailed balance), resulting in some constraints on the dissipative and random forces [3] . All the DPD forces are pairwise, and are centre to centre. It should be pointed out that the DPD system conserves mass and momentum, both linear and angular, whilst maintains a constant temperature (specific kinetic energy) [4] . The DPD equations are stochastic equations that can be re-cast into a differential form by treating the random forces as a Wiener process. The numerical results over a large number of time steps are then averaged in small fixed collection bins to produce local density and local momentum. One can compute the stress tensor by means of Irving-Kirkwood formulation [5] , which arises also from the conservation of linear momentum. Furthermore, the method possesses a free-scale property: a DPD system can be scaled so that one deals with a smaller number of particles; different levels of coarse graining with an appropriate scaling lead to the same calculated results [6] . It is noted that the link between the DPD and physical units is still not clear and further studies are needed. DPD can be understood as a bottom-up approach for handling complex fluids on mesoscopic length scale; the complex nature of the fluid is prescribed by the interaction between a subset of DPD particles (for example, chains as representative of polymers in a solution), e.g., [7, 8, 9] .
On the other hand, the smoothed DPD method (sDPD) is a top-down approach for dealing with mesoscopic problems, derived directly from the Navier-Stokes equation with the inclusion of thermal fluctuation, where the random force is introduced in a way that satisfies a fluctuation-dissipation theorem [10] . Any non-Newtonian character of the fluid is explicitly specified in the constitutive equation, which is included in the Navier-Stokes equation. It can be seen that the formulations of DPD and sDPD have similar structures as they all involve conservative, dissipative and random forces. However, sDPD allows the viscosity (in fact, the whole rheology of the fluid via its constitutive equation) to be specified and the equation of state (pressure-density) as inputs of the simulation. DPD and sDPD have been applied to various fluid dynamics problems; however, a complex structure fluid is not always modelled in the same way by the two versions. For example, in simulating particulate suspensions with DPD, a rigid particle can be represented effectively with only one DPD particle (the single particle model) [11] , or by a few DPD particles (the spring model) [12, 13] , improving efficiency of the DPD simulation. To date, with sDPD, suspended particles have been modelled by the frozen particles [14] and thus a very much larger number of particles are required for a given volume fraction.
The dynamic response of a fluid can be measured by its Schmidt number, defined as the ratio of the the speed of momentum transfer (viscosity) to that of particles' diffusion (diffusivity)
where ρ is the fluid density, η is its viscosity, and D, its diffusivity. For sDPD, in principle, S c can be arbitrarily large. However, simulations at large values of S c using the standard predictor-corrector and velocity-Verlet schemes face a serious time-step limitation. Increasing the time-step size to a realistic value requires a splitting scheme [15] . For DPD, with the "standard" values of the input parameters, it has been shown that S c is O(1), which is much lower than that of a typical water-like liquid (e.g., for water, S c ∼ 400) [9] . As a result, special attention is needed in any simulation as the DPD system may not be in the correct regime of dynamic behaviour [16] , for instance, in simulating dilute polymeric systems, it was found that the Schmidt number of the solvent strongly affects nonequilibrium polymeric quantities [17] . Several studies [17, 15] indicated that the model fluid should be designed with S c in the relevant range in order to reach a good agreement with the experimental results. One can improve S c by increasing the strength of the dissipative force, which requires a smaller time step to maintain temperature control, or simply modifying the standard weighting function for the dissipative force [18] . Analytic expressions for the self-diffusion coefficient have been derived from the kinetic theory for DPD [9, 19, 2] and from the equation of motion of a single particle for sDPD [20] , where the conservative force is neglected in both cases. In both DPD and sDPD, the Schmidt number is a result of the choice of the parameters adopted, it has never been considered before as an input parameter.
In this study, we present some kinetic theory analysis for sDPD, introduce a new dissipative weighting function (or a new kernel) into the DPD (or the sDPD) equations which allows both the viscosity and the Schmidt number of the model fluids to be controlled, and compare the numerical performance in simulating viscometric flows between the proposed DPD (i.e., new dissipative weighting function, repulsion force derived from a soft potential form) and the proposed sDPD (new kernel, repulsion force derived from the discretisation of the pressure gradient term in the Navier-Stokes equation).
sDPD and DPD formulations
We briefly recall the isothermal Navier-Stokes equation for a compressible Newtonian fluid of density ρ, dynamic viscosity η 0 and volumetric viscosity ζ
where t is the time, v the flow velocity and P the pressure.
Smoothed particle hydrodynamics (SPH) interpolations of some of the gradient terms that arise in the Navier-Stokes equation result in [10] (∇P )
where D is the number of dimensions,
is the number density of particle i (V i is the volume of particle i), e ij = r ij /r ij a unit vector from particle j to particle i (r the position vector, r ij = r i − r j , r ij = |r ij |), v ij = v i − v j the relative velocity vector, and
)/r ij with h being the smoothing length of the kernel W which has two properties: (i) [W ] R = 1 and (ii) in the limit h → 0, W (r) tends to the Dirac function δ(r). Here we have employed the notation
Popular kernels in SPH include Lucy and quintic spline functions which are considered in this work.
If incompressibility of the fluid is invoked in the SPH discretisation, i.e., (∇∇.v) i = 0, equation (6) leads to [21] 
This gives rise to a SPH approximation of the incompressible isothermal Newtonian N-S equations as
where P 0 is chosen in a way which results in a large speed of sound that can keep a relative density fluctuation small [22] . In this study, the relative density fluctuation is chosen less than 1% level, and consequently we choose P 0 = c 2 s ρ 0 /7 (c s is the speed of sound and ρ 0 the equilibrium (reference) density).
Substitution of (8) , from the incompressibility constraint, into (9) yields
On a mesoscopic length scale, a fluctuation term is introduced into equation (11) 
where k B T is the equilibrium temperature and θ ij is a Gaussian white noise.
Returning to the DPD method, the fluid is replaced by a system of DPD particles undergoing their Newton's second law motion:
where m and v i represent the mass and velocity vector of a particle i, and the three forces on the right hand side represent the conservative force (subscript C), the dissipative force (subscript D) and the random force (subscript R):
where a ij , γ and σ are constants reflecting the strengths of these forces, w C , w D and w R the configuration-dependent weighting functions, and θ ij a Gaussian white noise. It is noted that w D (r) and w R (r) are dimensionless functions, γ has the unit of [F T /L] and σ has the unit of [
and [L] are the unit of force, time and length, respectively). For w C , there are several formes proposed, including purely repulsive, attractive-repulsive and multibody. In the present work, only the original (purely repulsive) form, which has been widely regarded as standard form, is considered. Hereafter, a DPD fluid is referred to as the model fluid corresponding to the purely repulsive form of the conservative force.
Drawing a comparison between (12) and (13), one may identify the different sDPD to DPD forces
or
In both cases, DPD and sDPD, the random force is introduced in a way that satisfies a fluctuation-dissipation theorem.
Kinetic theory analysis
The sDDP equation (12) is rewritten in the form of standard DPD ( (20)- (22)) and one can thus apply the kinetic theory results in DPD in its analysis [19, 2] .
In the absence of the conservative force (F C (r) = 0), using the kinetic theory, the expressions for the viscosity and diffusivity have been derived as [19, 2] 
where n is the number density, [
. In (23), there are two contributions to the viscosity η, a kinetic part (η K ) due to the motion of the individual particles (first term on RHS, called the "gas" contribution) and a dissipative part (η D ) by the energy dissipation between particles (second term, called the "liquid" contribution). It is noted that, unlike the standard DPD, there are some con-
In the case of Lucy function, function F (r) takes the form
where the cut-off radius of the dissipative force (r c ) is taken as the smoothing length of the kernel h. Here, we assume that DPD particles have constant number density (i.e.,
Some simple integrations can be carried out to yield
[
The viscosity (23) reduces to
The possibility of using (29) as a mean to specify an arbitrary viscosity is noted. Expression (29) can be rearranged in the quadratic equation form for the specified input viscosity η 0
For this to have a physical solution, we require
For example, if m = 1, k B T = 1 and n = 4, then η ≥ 0.9562 for r c = 1 and η ≥ 2.3905 for r c = 2.5. Suppose that this requirement is met, then the input viscosity can either be
Since the first solution in (32) is the dissipative part of η and the second one the kinetic part of η, only the first solution needs be considered if the viscosity for liquid is desired.
The self-diffusion coefficient (24) reduces to
Consequently, the Schmidt number is
Substitution of (33) into (34) yields S c = η/2η K . At low Schmidt numbers, the kinetic part of the viscosity thus becomes noticeable. For such S c values (some gas regime flow), as shown in Figure 1 , the viscosity of the sDPD system η can be significantly different from the specified viscosity η 0 = 1 with increasing r c .
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Consider a generic tagged particle in a sea of other particles undergoing a diffusion process. According to the Stokes-Einstein relation, the size of a tagged particle (exclusion zone) can be estimated as
Substitution of (33) into (35) yields
In the case of quintic spline function, using the same derivation procedure, expressions for the viscosity, self-diffusion coefficient, Schmidt number, and the size of a tagged particle are respectively given by η = 1 120
4 Proposed dissipative weighting function/kernel
We propose a kernel that allows one to control both the viscosity and the Schmidt number of the sDPD fluid. The former is achieved by designing the proposed kernel to satisfy the properties of function W in SPH. The latter is achieved by introducing a free parameter, namely s, into the kernel. In other words, from a DPD perspective, there will be 2 free parameters (γ and s) in the dissipative force form and they are used to match the two dynamic thermo-properties, namely η and S c , of a given fluid. Details are as follows.
Three dimensional space
To achieve the goals just mentioned, a kernel should be designed (i) to satisfy the properties of function W in SPH; and (ii) to result in function F (r) in the form of (1 − r/r c ) s . The kernel can be verified to be
where s is a free parameter. It has the same properties as SPH kernels (i.e., [W ] R = 1 and lim rc→0 W (r, r c ) = δ(r)). It is noted that when s = 2, the proposed kernel reduces to Lucy function. The corresponding function F (r) is
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From (42), the weighting function for the dissipative force is derived
When s = 1/2, the proposed weighting function reduces to the one reported in [18] which is widely employed in DPD. It can be shown that
Using the kinetic theory, the dynamic thermo-properties of the sDPD fluid are estimated as
Some conditions on (45)-(47) are required to ensure that the equations have a physical solution.
For given values of m, k B T, n and r c , the minimum value of the viscosity η can be estimated by considering (45) as an equation for η 0 . Multiplying both sides of (45) with η 0 yields
leading to
For liquid regime (
As mentioned earlier, the free parameter s is introduced to make S c become an input parameter to the DPD equation. To achieve this, we consider (47) as an equation for the variable s
This equation always has two solutions. Since s > 0, we choose the following solution
If the Schmidt number is given, then the value of s can be estimated from (53) (note that (53) is obtained by considering (47) as an equation in the variable s). If so, S c is included into the DPD equation and the S c of the DPD system as predicted by the kinetic theory will be exactly equal to this specified value.
The
and for a given η 0 , it requires
Two dimensional space
In 2D, the proposed kernel takes the form
Relevant functions and dynamic thermo-properties of the sDPD fluid derived from this kernel are
As in the 3D case, there are the following limits. The input viscosity can be imposed up to the value
The viscosity of the system and the input Schmidt number cannot be lower than
The Schmidt number can be incorporated into the DPD equation through
Figure 2 display several kernels used in this study (i.e., Lucy function, quintic spline function and proposed function) and their associated dissipative weighting functions. Kinetic theory expressions for the viscosity, diffusivity and Schmidt number are shown in Table 1 . If one is interested in modelling a liquid with the specified input viscosity, the DPD system should be designed in a way that makes η K /η D small. This can be achieved by reducing k B T, m, n, r c and/or increasing η 0 . By choosing large values of η 0 , and standard values of k B T, m, r c and n [9] , the kinetic part of η can be negligible.
Proposed DPD and sDPD
In this study, the DPD and sDPD formulations are implemented with the proposed dissipative weighting function (43) (or (58)) and the proposed kernel (41) (or (56)), respectively. The viscosity and the Schmidt number become input parameters. For the sDPD scheme, the repulsion force is the SPH discretisation of the pressure gradient term in the Navier-Stokes equation. Since the SPH quadrature (discretising) error is estimated as O(∆x/r c ) (∆x is a typical distance between particles), one normally needs to employ relatively large values of r c and n. For the DPD scheme, the repulsion force is derived from a soft potential and the repulsion strength is chosen according to the water compressibility. It is regarded as a coarse-grained model that possesses a scale-free property (i.e., independent of number density), and one can employ relatively small values of n (i.e., high coarse-graining levels) and r c (i.e., r c = 1 is the standard value). Kinetic theory expressions (34), (47) and (62) show that the S c number is inversely proportional to n and r 3 c . In this sense, the proposed DPD has the ability to model a fluid that has a faster dynamic response than the proposed sDPD for a given input viscosity. In addition, the computational effort of the former is significantly less than that of the latter as the DPD does not involve the task of computing the number density.
Proposed DPD and Standard DPD
It can be seen that by choosing appropriate values of η and S c for the proposed DPD and of γ and s for the standard DPD, the equations for the two methods are identical. However, the ways the simulations are conducted by the proposed and standard DPD are different. In the standard DPD, the noise level σ is considered as an input parameter. Its value is usually chosen as a compromise between fast simulation and satisfaction of the specified thermal temperature. Groot and Warren [16] recommended σ = 3 and this value has been widely used in practice. The viscosity and self-diffusivity are subsequently estimated by the kinetic theory or through numerical simulation. Any change in r c , n, k B T and m results in a DPD fluid of different viscosity. In the proposed DPD, the repulsion force is also derived from a soft potential, but the viscosity and the Schmidt number are input parameters. It is noted that the present weighting function for the dissipative force can also be implemented in conjunction with other forms of the conservative force. Like the standard DPD, one also needs to specify values of n, r c , m and k B T , but these values can be designed so that their effects on the viscosity of the system can be negligible.
We now examine the ways to control other hydrodynamic properties (e.g., the self-diffusion coefficient and Schmidt number) of the DPD fluid by the two methods. The diffusivity in the standard DPD with s = 1/2 is estimated as [9] D = 315 32π
which shows that the self-diffusivity is inversely proportional to n and r
We recall the size of a particle in the standard DPD (with s = 1/2) produced by the dissipative force [13] 
Together with (48), the effective size of a particle can be seen to be a decreasing function of r c for both the standard DPD and the proposed DPD.
Numerical results
Verification of the proposed weighting function/kernel is conducted in no-flow condition and in viscometric flows. For the latter, we consider Couette flow with Lees-Edwards boundary conditions [23] . Simulations are carried out using 30,000 time steps and ∆t = 0.001 for computing the diffusivity, and using 200,000 time steps and ∆t = 0.005 to compute the viscosity. To assess the performance of different DPD formulations, a range of shear rate is employed, over which we measure the mean value and standard deviation of the computed viscosities. The standard deviation is expected to be small as the viscosity is constant for a Newtonian fluid.
Proposed function with s = 1/2
The proposed function/kernel is first implemented with s = 1/2 and the obtained results are compared with those by the sDPD using Lucy and quintic spline kernels. Note that s = 1/2 is widely employed in the standard DPD (e.g. [18] ). The imposed viscosities are chosen to be η 0 = 10 and η 0 = 50. Since the value of s here is fixed, the Schmidt number is a result of the choice of the input parameters. According to the kinetic theory, the three kernels, Lucy, quintic and proposed, have S c ∼ O(10 2 ) and ∼ O(10 3 ) for η 0 = 10 and η 0 = 50, respectively. Table 2 shows the numerical results obtained by the proposed DPD and sDPD methods using (r c = 2.5, m = 1, k B T = 1, n = 4) for two input viscosities, namely 10 and 50. Results by the sDPD using Lucy and quintic kernels, where the conservation of angular momentum is guaranteed, are also included. The calculated viscosity is seen to be more stable with the proposed function (s = 1/2) than with Lucy (s = 2) and Quintic functions over the range of the imposed shear rate. Results concerning the standard deviation of the computed viscosities by the proposed sDPD are higher than those by the proposed DPD.
When r c is reduced to 1, numerical experiments (Table 3) indicates that the sDPD fails to represent a fluid properly -its viscosity is erratic in the shear rate. In contrast, the proposed DPD produces a stable viscosity over a range of the imposed shear rate (0.05, 0.1, 0.2, 0.5, 1). For the sDPD, with r c = 1 and n = 4, the discretisation appears too coarse for a proper simulation. For the proposed DPD, good results are obtained as the method is a coarse-grained model that is also free-scale. Furthermore, as shown in Figure 3 , linear velocity profiles are obtained and the computed thermal temperature and number density are approximately equal to 1 and 4, respectively. Also, the shear stress is typically "constant" across the flow section and the normal stress difference is approximately zero.
Proposed function with s as a function of S c
Taking n = 4, k B T = 1, r c = 2.5 and m = 1, through (63), the upper limit of the imposed viscosity is estimated as 50 for S c = 400 and 79.1 for S c = 10 3 . Appropriate values of η 0 are then chosen, from which the corresponding values of the free parameter s are obtained. Results concerning the viscosity are presented in Table 4 for the proposed sDPD and in Table 5 for the proposed DPD. It can be seen that the exponent s is covered from a nearlyzero value to the value of about 2 (Lucy kernel has s = 2). Similar remarks to the case of s = 1/2, where S c is a result of the choice of the parameters adopted (Section 5.1), can be made here. Note that the results tabulated in the tables here correspond to the specified S c . The standard deviation of the computed viscosities is relatively small and the calculated viscosities are in good agreement with the imposed viscosity or the viscosity by the kinetic theory over a range of the shear rate. Furthermore, it can be seen that low values of s generally lead to more stable calculated results than large values of s for a given Sc. The reason for this is still not clear to the present authors. The differences between the mean computed viscosity and the viscosity by the kinetic theory are in the range of 0.4% to 3.6% for S c0 = 400, and of 0.7% to 4.2% for S c0 = 1000 for the proposed sDPD, and 0.8% to 4.1% for S c0 = 400, and 1.0% to 4.6% for S c0 = 1000 for the proposed DPD. These values are small in comparison to the error of the order 10 − 30% by the standard DPD reported in [16] .
No-flow simulations are also conducted to compute the diffusivity of the DPD/sDPD fluid for a wide range of the Schmidt number, namely (10, 20, · · · , 90, 100, 200, · · · , 1000). The imposed viscosities are chosen near their upper limits. Variations of the mean squared displacement of the particles against time can be well approximated by polynomials of first order. Some typical results of the diffusivity are displayed in Figure 4 . For S c0 = 400 and η 0 = 49, the self-diffusion coefficient is estimated as 0.0346 by the proposed sDPD and 0.0319 by the proposed DPD, which are comparable to the value of 0.0306 predicted by the kinetic theory. Figure 5 displays the computed S c against the imposed value S c0 in the log-scale coordinate system by the three methods. It can be seen that values of the Schmidt number predicted by the kinetic theory very much agree with the computed (and specified) values as expected; the formulation is doing its job well. The computed S c values by the proposed sDPD and DPD are in good agreement with the kinetic theory predictions, particularly for the proposed DPD. It is noted that the error bars associated with the data points are not displayed here since their values are quite small in comparison with the coordinate scale used.
Concluding remarks
This paper presents improved DPD and sDPD formulations for simulating mesoscopic phenomena in fluid systems. A new dissipative weighting function/kernel is introduced into the DPD/sDPD formulation, which allows both the viscosity and the Schmidt number of the DPD/sDPD fluid to be specified as input parameters. Numerical results show that (i) calculated viscosities, self-diffusion coefficient and Schmidt numbers by the proposed schemes are in good agreement with those by the kinetic theory; and (ii) the proposed DPD scheme (i.e., new weighting function, repulsion force derived from a soft potential) is superior to the proposed sDPD scheme (new kernel, repulsion force derived from the pressure gradient discretisation) in terms of computational effort and ability to yield a stable viscosity from different imposed shear rates. 
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165 8 Table 2 : Couette flow, r c = 2.5, m = 1, k B T = 1, n = 4: Variation in the computed viscosity η * over a range of shear rate (0.05, 0.1, 0.2, 0.5, 1). Note that η 0 is the input viscosity, η the viscosity by the kinetic theory and η * the viscosity obtained from numerical simulation, where the shear stress is calculated using the Irving-Kirkwood formula. The proposed function/kernel consistently outperforms the Lucy and quintic kernels. However, solutions by the proposed sDPD are still less stable than those by the proposed DPD. Table 3 : Couette flow, r c = 1, η 0 = 10, m = 1, k B T = 1, n = 4, 200000 time steps: Variation in the computed viscosity η * over a range of shear rate (0.05, 0.1, 0.2, 0.5, 1). Note that η 0 is the input viscosity, η the viscosity by the kinetic theory and η * the viscosity obtained from simulation, where the shear stress is calculated using the Irving-Kirkwood formula. With r c = 1, the proposed DPD is able to produce reasonable (constant) values of viscosity, probably owing to the fact that DPD is a coarse-grained model. In contrast, the sDPD fails to represent a fluid properly as the SPH discretisation (r c = 1, n = 4) used for the pressure gradient term appears too coarse. Table 4 : Couette flow, the proposed sDPD method with η and S c as specified inputs, r c = 2.5, m = 1, k B T = 1, n = 4: Variation in the computed viscosity η * over a range of shear rate (0.05, 0.1, 0.2, 0.5, 1). Note that η 0 is the input viscosity, η the viscosity by the kinetic theory and η * the viscosity obtained from numerical simulation, where the shear stress is calculated using the Irving-Kirkwood formula. The differences between the mean computed viscosity and the viscosity by the kinetic theory are in the range of 0.4% to 3.6% for S c0 = 400, and of 0.7% to 4.2% for S c0 = 1000. These values are small in comparison to the error within 10 − 30% by the standard DPD reported in [16] . Table 5 : Couette flow, the proposed DPD method with η and S c as specified inputs, r c = 2.5, m = 1, k B T = 1, n = 4, 200000 time steps: Variation in the computed viscosity η * over a range of shear rate (0.05, 0.1, 0.2, 0.5, 1). Note that η 0 is the input viscosity, η the viscosity by the kinetic theory and η * the viscosity obtained from numerical simulation, where the shear stress is calculated using the Irving-Kirkwood formula. The differences between the mean computed viscosity and the viscosity by the kinetic theory are in the range of 0.8% to 4.1% for S c0 = 400, and of 1.0% to 4.6% for S c0 = 1000. These values are small in comparison to the error within 10 − 30% by the standard DPD reported in [16] . Good agreement between the input and computed values is achieved. As designed, the kinetic theory predictions are exactly the same as the specified values. Results by the proposed DPD are generally closer to the specified values than those by the proposed sDPD. It is noted that the error-bars associated with the data points here are quite small and not displayed for visual clarity.
